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Introduction

PACE surveillance became a military mission almost as soon as
the first Sputnik satellite was launched on 4 October 1957. In ad-
dition to the intense civilian and scientific interest in knowing the lo-
cations of space objects, the U.S. Air Force needed a practical way to
prevent false missile-warning alarms as satellites transited through
the coverage of warning systems, whereas the U.S. Navy needed
a way to alert fleet units against possible overhead reconnaissance
by satellites. Both needs led to the creation of a complete catalog
of detectable space objects, with satellite tracking data forwarded
continually to a central processing facility and updated orbital data
distributed routinely to defense users. Naturally, the catalog also
served, and still serves, a variety of civilian and scientific purposes.
To date, cataloged orbits have been represented by some type of
mean orbital elements, although the operational models have be-
come more elaborate over time as computers have improved. It has
always been known that special perturbations can provide better ac-
curacy than general perturbations, at least in principle. However, the
sheer number of satellite orbits to be processed for the catalog has
meant that only simplified, analytic orbit models could be used in
practice. Only recently, with the advent of multiprocessor computer
techniques, has it been possible to consider maintaining the satellite
catalog with special perturbations,' and this implementation is in
progress. Throughout the history of orbital mechanics, the interac-
tion between the development of orbit models and the development
of computational facilities has been often noted but seldom stud-
ied. Although we cannot offer such a study here, we can note that
this interaction has been crucial in the development of U.S. space
surveillance capabilities in general and in the development of the
basic orbit models in particular.

Early Methods: 1957-1963

The first formalized effort to catalog satellites occurred at the
National Space Surveillance Control Center (NSSCC) located at
Hanscom Field in Bedford, Massachusetts. The procedures used at
the NSSCC were first reported in 1959 by Wahl,> who was the tech-
nical director of the NSSCC. In 1960, under Project SPACETRACK,
Fitzpatrick and Findley® developed detailed documentation of the
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procedures used at the NSSCC. The following description is based
on that historic documentation.

Observation of satellites was performed at more than 150 indi-
vidual sites. Contributions came from radars, Baker—Nunn cam-
eras, telescopes, radio receivers, and the Moon Watch participants.
These dedicated individuals took observations on satellites by visual
means. Table 1 describes the various observation types and sources.

The observations were transferred to the NSSCC by teletype, tele-
phone, mail, and personal messenger. There a duty analyst reduced
the data and determined corrections that should be made to the or-
bital elements before they were used for further prediction. After
this analysis, these corrections were fed into an IBM-709 computer
that computed the updated orbital data. These updated orbital data
were then used in another phase of the same computer program
to yield the geocentric ephemeris. From the geocentric ephemeris,
three different products were computed and sent back to the observ-
ing stations for their planning of future observing opportunities.

The first, a bulletin, was a listing of the updated orbital elements
and was the forerunner of today’s two-line element set. Additionally,
it contained a table of pertinent data for a given satellite that provided
an observing station with a simple tool for determining a geocentric
ephemeris. The essential content of the bulletin was a table of rev-
olution number, time of passage through the ascending node, and
longitude of ascending node for 3—7 days in advance. Additionally,
there was a grid containing latitude, longitude, and height for a rev-
olution near the middle of the time period for which the bulletin was
valid. This information could be used in conjunction with the other
data to determine an ephemeris for a given observing station.

The second product used the ephemeris in the General Look
Angles Program (GLAP) to produce a tabulation of all satellite
passes observable by a specific ground site. The tabulation con-
tained one or more time points for each pass, as well as the azimuth,
elevation, and slant range at that time point.

The third product, the Fence Look Angles Program (FLAP), is
a modified form of the GLAP that was sent to the stations that
composed the U.S. Navy and U.S. Army observation fences. Instead
of a sequence of look angles for a given pass, the FLAP program
gave a time and point of intersection of the satellite orbit with the
vertical plane containing the sensing beam.

The ephemeris model employed in the NSSCC made use of the
following empirical and theoretical equations to predict the time T
of passage through the ascending node, the right ascension 2 of
ascending node, and the argument of perigee w, all at revolution
number N. All times are in days and all angles are in degrees:

Ty = Ty + Po(N — No) + c¢(N — Np)> + d(N — Np)?
Qv = Qo+ Ty — Tp) + 1Q0(Ty — Tp)?
wy =y + ay(Ty — To) + 3do0(Ty — Tp)*

with

. CoS iy
Q=K—7—
3 2

a; (1 - eo)
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Table 1 Space surveillance observation description

Observation
type Content Source
1 Two angles and Radars
slant range
2 Two angles Baker—Nunn cameras, telescopes,
binoculars, visual sightings
3 Azimuth Direction finders
4 Time of closest Radars, radio receivers
approach (Doppler) (for transmitting satellites)

Q. Q

= = —o(7 — e0) 5———

2 200 (1 + 60)

Q
@y = —(5cos?ip — 1
0 ( 0 ) 2cos iy
20 (5C0S2io—l) 0
2 4cos iy
—9.96°
K =
day

where a dot above a term indicates the time rate of change of that
term, a subscript 0 indicates the value of that term at the epoch time,
a is a unitless semimajor axis normalized by Earth radii, and P is the
period of the satellite. The inclination i is assumed to be constant,
whereas the eccentricity e is determined based on the assumption
that perigee height remains constant throughout the prediction span.
The semimajor axis is related to the period by

P = 0.058672947a>

where the period has units of days per revolution. The parameters ¢
and d are the results of a least-squares fit to the residual differences
between the predicted and observed times of passage through the
ascending node. The parameter ¢ may be expressed as

¢ = Py(Py/2)

which provides the time rate of change of the period P, from which
the time rate of change of the semimajor axis ay may be computed.

Meanwhile, the Navy developed a largely automatic satellite
detection and cataloging system to meet fleet tactical require-
ments. The Advanced Research Projects Agency began constructing
the Naval Space Surveillance System (NAVSPASUR), commonly
known as the Fence, in 1958, based on technical ideas and assis-
tance from Naval Research Laboratory (NRL). After the concept
was proven, Naval space surveillance operations began in June 1960.
NAVSPASUR was commissioned as an operational Navy command
in February 1961.

The present Fence concept is little changed from the first notions
put forward at NRL. A continuous-wave multistatic radar interfer-
ometer, ultimately consisting of three transmitters and six receivers,
was deployed along a great-circle arc from San Diego, California, to
Savannah, Georgia. The system transmitted, and still transmits, raw
signal phase and amplitude data measured on more than 12 miles of
dipole arrays in real time to the NAVSPASUR processing facility at
Dahlgren, Virginia. The raw data are converted by interferometric
methods into apparent direction cosines (as seen from the receivers)
for use in updating the satellite catalog. Near-Earth satellites pass
through the field of view of the Fence 4-6 times per day and are,
on average, illuminated by two transmitters and detected by four
receivers on each pass. The result is an abundant data set produced
without any cuing or a priori knowledge of the satellite population.
More than 98.5% of the orbits visible to the Fence can be updated
without human intervention.

The reason for sending all the raw Fence data to Dahlgren is
purely historical. In 1958, the only computer in the U.S. Navy that
was able to handle the surveillance data flow and the orbital updates
was the Naval Ordinance Research Calculator (NORC) at the Naval
Weapons Laboratory (NWL) in Dahlgren (Ref. 4 and Emory H.

Bales, former NAVSPASUR analyst and Applications Section Head,
private interview, 6 August 2001, Dahlgren, VA). The actual data
flow was miniscule by current standards, and the NORC was one of
the most powerful computers in the world at the time. Moreover, the
catalog processing methods benefited from extensive refinement by
C.J. Cohen of NWL and Paul Herget of the University of Cincinnati
(Cincinnati Observatory). Nevertheless, the NORC needed about
15 min of processing time to update a single satellite orbit, using
essentially the same orbit model already described, in addition to the
time needed for the Fence data reduction and data association with
the catalog. Note that the use of an accurate special-perturbations
orbit model had been considered explicitly in the Fence proof-of-
concept phase. However, that idea had to be abandoned when it
was discovered that the processing time per satellite on the NORC
was as much as several hours (Robert Cox, former NAVSPASUR
Analysis and Software Department Head, private interview with
G. R. Van Horn, GRC International, 23 June 1998, Dahlgren, Vir-
ginia). Only recently, after several generations of computer technol-
ogy development, has the special-perturbations approach begun to
bear fruit.

The original Fence catalog processing was rehosted on an IBM
7090 computerin 1961, a step that immediately reduced the process-
ing time to 5 min per satellite. New programming techniques and
data-handling efficiencies were developed that year, which further
reduced the processing time to about 1 min (Emory H. Bales, former
NAVSPASUR analyst and Applications Section Head, private inter-
view, 6 August 2001, Dahlgren, VA). This improvement came just
in time to avert what would otherwise have been a computational
catastrophe created by the breakup of satellite 1961-Omicron. That
satellite broke up into several hundred trackable pieces in a short
time span, tripling the number of detectable space objects and cre-
ating thousands of unassociated Fence observations. Many of the
objects were lightweight balloon fragments that exhibited unprece-
dented decay rates. The NORC would have been hopelessly inad-
equate for the data association and orbit update tasks, but the IBM
7090 (aided by heroic human efforts) processed the backlogged data
in a matter of days. No comparable event has happened since then in
the history of space surveillance, but the lessons were well learned.
The experience demonstrated, besides the crucial advantage of high
computational power, the need for a more accurate orbit model to aid
in distinguishing between nearby orbits and in following a satellite
through high-decay conditions.

Theoretical Foundations: 1959-1969

In 1959, under Project SPACETRACK, Brouwer developed a
solution® for the motion of a near-Earth satellite under the influence
of the zonal harmonics J,, J3, J4, and Js. This work was later pub-
lished in Ref. 6. Kozai’ concurrently published another solution to
the same problem. Most analytical orbit prediction models in the
U.S. Space Surveillance System today still have one of these two
methods as their foundation.

In 1961, Brouwer and Hori®° developed a modification to the
1959 Brouwer solution that included the effects of atmospheric drag.
The atmospheric drag model was based on a static exponential rep-
resentation for atmospheric density with a constant scale height.
This choice of density model led to series expansions in the scale
height. The complete model was much too extensive to be run on
the computers of that time for numerous satellites, given the slow
convergence of the series and given that numerous orbits had to be
computed.

In the early 1960s the same group that had developed the original
NSSCC documentation for Hanscom performed some seminal work
in atmospheric density modeling. Starting from the basic equations
of hydrostatic equilibrium and assuming that scale height varied
linearly with altitude, they derived a density representation using
power functions with integral exponents.'” The importance of this
work is that, when applied to an artificial satellite theory, it com-
pletely avoids series expansions that occur with exponential repre-
sentations. This made possible the inclusion of drag in the Brouwer
model in a more complete and compact manner. The resulting an-
alytic orbit model was developed by Lane'! in 1965 with further
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improvements by Lane and Cranford'? in 1969. Fitzpatrick gives a
brief account of Lane’s density modeling technique in Ref. 13.

A very important contribution to analytic satellite theory was
made by Lyddane'* in 1963. Lyddane showed that the Brouwer>°
solution based on Delaunay variables could be reformulated in terms
of Poincaré variables to avoid the small divisors of eccentricity and
the sine of inclination while maintaining the first-order character of
the theory.

Operational Implementations: 1964-1979

The transition from journal article to operational implementation
took two paths. The tracking operation of NAVSPASUR adopted
the entire 1959 solution of Brouwer™® with the modifications de-
veloped by Lyddane'* to avoid small divisors of eccentricity or the
sine of inclination. This analytic satellite prediction model is now
known as Position and Partials as functions of Time (PPT3). The
equations of the original PPT model were implemented on an IBM
7090 computer in 1964 under the guidance of Richard H. Smith,
who also provided supplemental equations to account for atmo-
spheric drag. At that time, the results of Brouwer and Hori®® could
not be implemented operationally because of computer limitations,
and the results of Lane and Cranford!? were not yet available. Smith
adapted ideas from King-Hele'” in a simple original model that is
still in use. His semi-empirical drag model assumes that the effect
of atmospheric drag on the mean motion can be represented as a
quadratic time function. The linear and quadratic coefficients are
treated as solved-for parameters during the orbit determination pro-
cess. A time rate of change of the eccentricity is represented in terms
of the mean motion rate by the following equations:

ap = —(4/3)ag/no(1/2)

The integral of the mean motion equation provides the model for
along-track drag effect.

PPT retains all long-periodic terms, including the ones with a
zero divisor at the critical inclination. However, PPT handles these
critical terms in a special way, as described in Appendix A.F. A
special feature of PPT is that the “mean” mean motion is defined
differently from Brouwer’s quantity>® of the same name. Brouwer
defined mean motion in terms of mean semimajor axis by essentially
the Keplerian formula. However, for PPT, it was decided for compu-
tational reasons to define the mean motion as the entire coefficient
of time in the linear term of the perturbed mean anomaly. That is,
the PPT mean motion includes the zonal secular perturbation rate
of mean anomaly that Brouwer derived. As a result, the expression
for PPT mean motion explicitly contains perturbation parameters
and functions of the other mean elements, similarly to the definition
adopted by Kozai.” Numerically, the PPT mean motion is closer to
Kozai’s value than to Brouwer’s.

The other path from journal article to operational implementation
took place in Colorado Springs. In 1961, the NSSCC was relocated
to Colorado Springs, Colorado, and became known as the Space De-
tection and Tracking System (SPADATS) Center. The NSSCC algo-
rithms were rehosted on a Philco Model 211 computer, and the group
at Hanscom began to serve as the backup for the SPADATS Cen-
ter. Following the rehosting in Colorado Springs, Hilton'® provided
updated documentation of the NSSCC algorithms. In 1960, Aeronu-
tronic had begun developing the astrodynamics basis for a new sys-
tem. The analytic orbit prediction model was based on the works of
Brouwer™>° and Kozai.” To avoid small divisors of eccentricity or the
sine of inclination, Arsenault et al.!” transformed the solution to a
series in non-singular parameters, keeping only the most important
terms. They included from Brouwer only those long- and short-
period terms in position that do not contain eccentricity as a factor.
They also adopted from Kozai the non-Keplerian convention relating
mean motion to semimajor axis. The model is known as the simpli-
fied general perturbations (SGP) model. A complete documentation
of SGP is provided by Hilton and Kuhlman.'® Atmospheric drag
was included in a manner similar to that of Smith except that the
time rate of change of eccentricity was derived based on the assump-
tion that perigee height remains constant as semimajor axis shrinks.
In addition to becoming the principal analytic prediction model for

. 2 .
e = eo(l — eo)ao/ao,

centralized processing, SGP was also implemented at many of the
satellite tracking sites around the world. In 1964, the SGP model be-
came the primary orbital prediction model for the SPADATS system.

The improvement offered by an analytic rather than an empirical
density model led to a decision to implement the development of
Lane and Cranford.'> However, by 1969 the number of satellites
in the catalog had grown to a point that computers would not be
able to manage the extensive terms in the model. Consequently, a
simplified version of the Lane and Cranford work, known as SGP4,
was developed and implemented operationally in 1970.

The simplifications leading to SGP4 were accomplished by re-
taining only the main terms that modeled the secular effect of drag.
Similarly, the gravitational modeling was shortened by retaining
from Brouwer™° only those long- and short-periodic terms in posi-
tion that do not contain eccentricity as a factor. The details of the
derivation of SGP4 from the complete development of Lane and
Cranford'? were documented in 1979 by Lane and Hoots."” The
SGP4 model was used side by side with the SGP model until 1979
when it became the sole model for satellite catalog maintenance.

Deep-Space Modeling: 1965-1997

In 1965, the first highly-eccentric, 12-h-period satellite was
launched. Soon it became apparent that a theory was needed that in-
cluded terms to account for lunar and solar gravitation, as well as the
resonance effects of Earth tesseral harmonics. A semianalytic treat-
ment of this special class of orbits, which included lunar and solar
gravity as well as geopotential resonance effects, was developed by
Bowman?’ in 1967. By 1977, Hujsak®! had incorporated portions of
Bowman’s work in a new first-order model, which included all per-
turbations treated by Bowman and an extension to geosynchronous
satellites. This new model was fully integrated with the SGP4 model
for near Earth satellites. This work completed the SGP4 model in use
today. A complete listing of the equations was provided by Hoots
and Roehrich?? and is repeated in Appendix B.

In 1997 the lunar, solar, and resonance terms from the SGP4
model were added to the Naval Space Command PPT model to pro-
vide improved prediction of higher altitude satellites. This modified
model became known as PPT3 and is documented in the work of
Schumacher and Glover.?> A complete listing of the equations is
provided in Appendix C.

Conclusions

For nearly a half century the U.S. Space Surveillance system has
been tracking and maintaining a catalog of manmade Earth orbiting
satellites, now consisting of more than 10,000 objects. The tremen-
dous success of this endeavor has been due in part to independent
but complementary efforts by both the U.S. Navy and the U.S. Air
Force at their mission centers in Dahlgren, Virginia and Colorado
Springs, Colorado, respectively. Today the operational centers still
depend largely on the original orbit models and applications of the
pioneers of the 1950s and 1960s.

Appendix A: Deep Space Equations
A. Initialization for Secular and Long-Period Coefficients
of Lunar and Solar Gravity
The first step in the initialization process is to compute the position
of the moon and sun at the epoch time of the satellite element set
using the following equations:
Q. = [Qungy + @, AL+ QAP + G, AL

mod2m

cos I,, = cos e cos I,,, — sin e sin I, cos £2,,,

The lunar longitude of perigee referred to the ecliptic is
Y =uo, + i At + i, At? + T AL
where uy, is the epoch longitude of perigee (with respect to the
ecliptic).
The lunar right ascension of the ascending node referred to the

equator is
, cos 2, =+/1—sin*Q,,

. sin 1, sin 2
sin 2, = M
sin [,
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Then

. sin g sin 2
sinA = ————¢
sin [,

coS A = cos 2, cos £2,,, + sin 2,, sin 2,,, cos &

A =tan™' sin &
cosA )’

M, = My + M At + MA? + MAP

Wy =Y — ng +A= GUm

where At is the time since the lunar/solar ephemeris epoch and
where the elements of the moon and sun are obtained from equa-
tions supplied in Ref. 24 (pages 107 and 98 for the moon and sun,
respectively). The constants for calculating lunar and solar positions
are defined as follows.

The moon’s inclination with respect to the ecliptic, in degrees:
I,,, =5.145396374.

The obliquity of the ecliptic, in degrees: ¢ =23.4441.

Lunar eccentricity: e, = 0.05490.

Solar eccentricity: e; =0.01675.

Lunar mean motion, in
n, =1.583521770 x 1074

Solar mean motion, in radians per minute: 7, = 1.19459 x 107>,

Solar inclination, in degree: I, = ¢ =23.4441.

Constants, in degrees:

radians  per  minute:

Q; =0, w; = 281.2208 = Gy,

Lunar perturbation coefficient, in radians per minute:
C,, =4.796806521 x 1077,

Solar perturbation coefficient, in radians per minute:
C, =2.98647972 x 107°.

The lunar and solar elements are epoched at 0.5 January 1900
(Julian date 2415020.0).

For each body X, either the sun or the moon, terms are calculated
that depend solely on the epoch satellite orbital elements 2, wy, and
Iy and the orbital elements of the moon and sun. In the calculations
of these terms, the following conventions apply:

1) Quantities on the right side of the equation with subscript 0
refer to mean elements of the satellite orbit.

2) Quantities on the right side of the equation with subscript X
refer to the orbit of body X.

3) Quantities on the left side of the equation refer to the satellite’s
orbit as affected exclusively by body X.

4) Here n, = mean motion of perturbing body X.

5) All orbital elements of the moon and sun, except mean anomaly,
are treated as constant at the epoch of the satellite.

Calculate the constants:

a; = cosw, cos(2y — 2,) + sinw, cos I, sin(Q2y — ;)
a3 = — sinw, cos(82yp — 2,) + cos w, cos I, sin(2y — 2,)
a; = — cos w, sin(2y — ;) + sinw, cos I, cos(2g — 2,)
ag = sinw, sin I,

a9 = sinw, sin(2g — ) + cos w, cos I, cos(2y — )
ayy = cos wy sin I, a, = aycos Ij + agsin I
as = agcos I + ajpsin Iy, as = —ay sin Ij + ag cos I
ag = —ay sin I + aygcos I
X| = ay cos wy + a, sin wy, X> = a3 cos wy + a4 sin wy
X3 = —ay sinwy + a, cos wy, X4 = —az sinwy + a4 cos wy
X5 = as sin wy, X¢ = ag sin w,
X7 = as cos wy,

Zy = 12X7 - 3X2,

Xg = dg COS Wy
Z32 = 24X1X2 - 6X3X4

Zy =12X3-3X},  Zi=6(a}+a})+ (1 +€})Zs

Zy = 12(aya3 + aray) + (1 + €§) Zs

Z3 = 6(a§ + af) + (1 + 6(2))233

Zy = —6aas + €3 (—24X, X7 — 6X3Xs)

Zi3 = —6azag + 3 (24X, Xg — 6X4X)

Zy = 6azas + €3 (24X, X5 — 6X3X7)

Z3 = 6a4as + €3 (24X2 X — 6 X4 Xs)

Z = 6asas + 6ayas + 3 (24X, X5 + 24X, X — 6X4, X7 — 6X3Xy)
Z1y = —6ajas — 6azas — €2 (24X, X7 + 24X, X

+6X;3X6 4+ 6X4X5)
The secular rates are computed separately for both the sun and moon
and then are combined into a single third-body secular rate. The
secular rates due to the third-body perturbation are

. €070
ey = —15anxn—(X1X3 + X2 Xy)
0

a, =0,

. —Cn,
I, =
2ngno

_anx

(Zin+ Z3)

M, Z\+ Zy — 14 — 662

1o ( 1+ 243 e())
Cin,

Q, = { 2nonsin I

0 if I <3deg

(Zyy+ Zy3) if I >3 deg

anx O 72
S0 (Za 4 Zss — 6) — Q,cos I if 1) > 3 deg
n
@ = 0 c
ann
—0(231 + Z33 —6)

if I <3deg
no

B. [Initialization for Resonance Effects of Earth Gravity

If the satellite period in minutes is in the closed interval [1200,
1800], then it is assumed to be in a 1-day resonance condition.
The following constants are satellite independent for 1-day period

satellites:
00 =/C5 + 5%, 031 =+/C5, + 55
O3 =y C323 + 5323

where

031 = 2.1460748 x 107°, 0 = 1.7891679 x 107°

Qs = 2.2123015 x 1077
The three phase angles are
Ay = tan~!(85/C), A3 = tan™' (83 /C3)

A3 = 1 tan~' (S33/Cx)

where

Az =0.13130908, A =2.88431980, A3z =0.37448087

The functions of inclination, F, and eccentricity, G, for 1-day pe-
riod satellites (which are dependent solely on epoch quantities) are
calculated as follows:

Fyg = (3/4)(1 + cos I(;’)2

Fii1 = (15/16) sin® IJ (1 + 3 cos Ij)) — (3/4)(1 + cos I)
Fi30 = (15/8)(1 + cos I))?

Gaoo = 1 — (5/2)e)> + (13/16)e,”, Gaio = 1 + 2¢;

Gaoo = 1 — 6ey? + (423/64)e,*
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Compute the following coefficients of the resonance terms:
8 = (3"(2)/613) F311G310031, & = (6"(2)/0(2)) F20G 200022
85 = (9n5 /a3) Fz30G300 Q33

If the satellite period in minutes is in the closed interval [680, 760]
and the eccentricity is greater than or equal to 0.5, then it is assumed
to be in a 0.5-day resonance condition. The following constants are
satellite-independent for 0.5-day period satellites:

V€2 + 82, = 1.7891679 x 107
V€% + 8%, =3.7393792 x 107
V€2 + 82, =7.3636953 x 10°°
V€% + 5%, = 1.1428639 x 107
V€2, + 82, = 2.1765803 x 107°

2
Dinpy = 80 /€2 4 §2 R, G
Impg — 4 Im im 'lmpYlpg
0

for the following (I, m, p, g) quadruples: (2,2,0,1), (2,2,1,1),
(3,2,1,0),(3,2,2,2),(5,2,2,0), (5,2,3,2), (4,4,2,2),(5,4,2,1),(5,4,2,3),
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and (4,4,1,0). The functions of inclination (dependent on epoch
quantities) are as follows:

Fpo= @3/ +coslg)’,  F = (3/2)Gin )
Fy = (15/8) sin I (1 — 2.cos Ij — 3 cos” If)
Fiy = (=15/8) sin Ij (1 + 2 cos Ij — 3 cos” I{)
Fag1 = (105/4) sin® I] (1 + cos I))?, Fup = (315/8) sin* I/
Fsy = (315/32){ sin’ 1] — 2sin’ I{/ cos Ij — 5sin® I cos® I
+ sin Ij[(—2/3) + (4/3) cos Ij +2cos” 1]}
Fsy; = (105/16) sin I(;’{l +2cos 1] —3cos’ I
— (3/2)sin” Ij [1 4 2 cos Ij — 5cos” 1] ] }
Fspp = (945/32) sin I {2 — 8 cos I
+ cos? I(;’[—IZ + 8cos I + 10 cos® 1(;’]}

Fs43 = (945/32) sin I(;’{ cos? I(;'[IZ + 8cos Ij — 10cos? I(;’]

-2- 8c0s16/}

and the functions of eccentricity are

3.616 — 13.247¢) + 16.29¢,’ e) <0.65
le = " "
—72.099 + 331.819¢ — 508.738¢,> + 266.724¢,> ¢} > 0.65
Gaor = —0.306 — 0.44(ey — 0.64)
G —19.302 + 117.39¢] — 228.419¢,> + 156.591¢,’ ej <0.65
310 = " ”
—346.844 + 1582.851¢) — 2415.925¢,% + 1246.113¢,>  ¢f > 0.65
G —18.9068 + 109.7927¢; — 214.6334¢,* + 146.5816¢,> ¢ < 0.65
322 = " ”
—342.585 + 1554.908¢; — 2366.899¢,> + 1215.972¢,> ¢} > 0.65
G —41.122 + 242.694¢) — 471.094¢, + 313.953¢,’ e} < 0.65
410 = " "
—1052.797 + 4758.686¢; — 7193.992¢,? + 3651.957¢,> e[ > 0.65
—146.407 + 841.88¢) — 1629.014e,? + 1083.435¢, ej < 0.65
422 = ” "
—3581.69 + 16178.11¢] — 24462.77¢,? + 12422.52¢,>  ¢f > 0.65
—532.114 + 3017.977¢] — 5740.032¢, + 3708.276¢, e) < 0.65

Gsy = { 1464.74 — 4664.75¢] + 3763.64e,

—5149.66 + 29936.92¢[ — 54087.36¢,? + 31324.56¢,

o —822.71072 + 4568.6173¢] — 8491.4146¢,? + 5337.524¢,
521 = ” ”
—51752.104 + 218913.95¢/, — 309468.16¢,2 + 146349.42¢,

—853.666 + 4690.25¢] — 8624.77¢,” + 5341 4¢3
532 = ” "
—40023.88 + 170470.89¢], — 242699.48¢,2 + 115605.82¢,

o —919.2277 + 4988.61¢] — 9064.77¢,” + 5542.21¢,
5 - " "
—37995.78 + 161616.52¢], — 229838.2¢,2 + 109377.94¢,>

0.65 < ¢5 <0.715
ey > 0.715

el <0.70
ey > 0.70

el <0.70
ey > 0.70

el < 0.70
ey > 0.70
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C. Secular Updates for Effects of Lunar and Solar Gravity
The secular effects of lunar and solar gravity are included by the
following equations:
M=M+MLS(t—t0), w=w+ ws(t—1t)
Q=Q+ Qs — 1), e=ey+eés(t — 1)
I=1Iy+ Iis(t — to)

where the rates with subscript LS are the sum of the effects of lunar
and solar perturbations.

D. Secular Update for Resonance Effects of Earth Gravity
Define an auxiliary variable A for the resonance treatment as

Ar=M + Q +w — 9(;
for orbits in the 1-day-period band and
A=M+2Q —26g

for orbits in the 0.5-day-period band where ¢ is the longitude
of Greenwich. Simultaneously, numerically integrate the resonance
equations for mean motion and the resonance variable A. The nu-
merical integration scheme is the Euler—Maclaurin method with a
step size of 12 h (720 min).

At epoch

Ai = Ao, n; = ng

the Euler—Maclaurin equations are
A = hio1+ hi(AD + G /2)(A1)?
ng = n;_1 + (A1) + (i;/2)(At)?

The derivatives are computed as follows.
For 1-day-period orbits:

X] =n; + XO
n; = 81 sin(A; — A3q) + 8> sin(2h; — 2X1y))
+ 83 sin(3X; — 3X33)
/2 =ni/2
7i: /2 = (hi /2)[81 cos(h; — Azr) + 285 cos(2h; — 2A)

+383cos(3A; — 3A13)]

For the 0.5-day-period orbits [using the 0.5-day resonance (/, m,
P, q) quadruplets]:

).\.,'Zni-f-).\‘o

n; = Z Dyyipg sin |:(l —2p)w; + %Ai — Glmi|

Gm.p.q)
Ao
27 2
i _ > Zp (I —2p)wi + 22 =G
~ = A ~ Dimpq COS - ; AT m
272 3 hmpa p 2 !
,m,p,q)
where

Gy =5.7686396, G3, =0.95240898, G4y =1.8014998

Gs, =1.0508330, Gs4 =4.4108898

and w; = wy + w At is the secularly updated argument of perigee.

The 1-day-period initial conditions are
Ao = Mo+ wo + Qo — 6y
ho = Mo+ Mys + Qo + Qs + o + s — 0

where 0 is the Greenwich hour angle.
The 0.5-day initial conditions are

Ao = My + 20 — 26,
ho = Mo + Mys + 2820 + 295 — 26
When A;, n; are obtained at the time of interest, compute
n=n;

_ {)»i —Q; —w;+ 6, for 1-day period

A — 29 + 26, for 1/2-day period

and ; and wy are the mean elements updated with the secular rates
of the other perturbations.

E. Update for Long-Period Periodic Effects of Lunar
and Solar Gravity

The true anomaly of the perturbing body is approximated by
fx = MX + 26)( Sil’lM)(
Define

F, = 4sin? fy — 1,

3 Eg:—%sinfxcosfx

We have, for each perturbing body,
dey = —(B0noCreo/no)[F2(X2 X5 + X1X4) + F3(X2 Xy — X1X3)]

81, = —(Cy/nono)[F2Z12 + F3(Z13 — Zn)]
SM, = —(2C,/no)| F2Zy + F3(Z3 — Z1) — 3eysin £, (7 + 3¢) |
By +cos 1,682) = 2noCx/no)[F2Zsy + F3(Z33 — Z31)

—Oe, sin f;]

sin 1,62, = (Cy/nono)[F2Za + F3(Zy3 — Zy1)]

The long-period periodics are computed separately for both the sun
and moon and then combined into a single third-body long-period
term.

F. Critical Inclination in PPT3

Brouwer® showed that the perturbation theory should remain valid
for all inclinations except for an interval of about 1.5 deg on either
side of the critical inclination. Within this narrow range, special
procedures are required in any implementation of a Brouwer-type
theory. In PPT3, the procedure is as follows. First, compute the
critical factor

x=1-=5cos*1"

This factor vanishes at about I” = 63.43 deg. Then all occurrences
of 1/x are replaced by the approximation

1/x ~ [1 —exp(—100x?)]/x = C(x)

Away from the critical inclination, C (x) tends rapidly to 1/x. How-
ever, in the neighborhood of the critical inclination, C (x) is bounded
and in fact vanishes at x = 0. It can be shown that C(x) has a maxi-
mum amplitude of about 6.382 and that there are two extrema having
this amplitude, a minimum near /” = 61.86 deg and a maximum near
1" =65.08 deg.

The value of C(x) is not computed directly from the preceding
expression because of numerical ill conditioning. Even the direct
power-series expansion of the exponential function exhibits poor
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convergence because of the factor of 100. Both problems are avoided
by repeatedly factoring the numerator of C(x), expanding one fac-
tor in series, and formally canceling x from the denominator. In
particular, repeatedly factor the difference of squares to obtain the
exact expression

10

1
C(x) = —[1 — exp(—Bx?)] | | [1 -+ exp(—2"Bx?)]
X

m=0

where g =100/2"". Then the first factor is computed by a series
expansion truncated to a practical number of terms, which is feasi-
ble because of the smallness of . PPT3 currently uses a 12-term
expansion:

— — 2 n,.2n
[1 —exp(=px)] ~ gy Z(_l)" B"x

X

Appendix B: SGP4 Model

The U.S. Space Command two-line element sets can be used for
prediction with SGP4. All equations are taken from Ref. 22. The
element set consists of the following:

to = epoch time

nop = mean motion, revolutions/day

ey = eccentricity

iy = inclination, deg

wy = argument of perigee, deg

Qo = right ascension of ascending node, deg
M, = mean anomaly, deg

B* = atmospheric drag coefficient, 1/Earth radii

where all orbital elements except mean motion are the mean double-
prime quantities defined by Brouwer® and where the subscript 0 will
indicate the value of a quantity at epoch. The mean motion on the
two-line element set follows the convention of Kozai.”

A. Initialization

Many terms used in the prediction of SGP4 are independent of
time. Thus, the algorithm begins with computation of numerous
constant terms. The first step in the initialization is the recovery
of the Brouwer mean motion from the Kozai mean motion by the
equations

k. i 3k, (30052 ig — l)
i (5) eyl
"o 4 (l—eé)2

1 134 3k, (3cos?ip—1
a2=a1<1—§81—812—ﬁ81), Ozi_iw
4 (l—eé)2

where

ko % Jzaé, (Earth radii)2

yA 1.082616 x 1073

k., = ~GM =0.0743669161, (Earth radii)'~*/min
G

M

universal gravitational constant
mass of the Earth
equatorial radius of the Earth

ag

The SGP4 model is set in the Fundamental Katalog 4 (FK4) and
World Geodetic Survey 72 (WGS72) reference standards, referred
to the Julian 2000 (J2000.0) epoch.

From this point on, the mean motion ng and the semimajor axis
a;, follow the Brouwer convention. Also, all quantities on the right-
hand side of equations are understood to be double-prime mean
elements.

1. Initialization for Secular Effects of Atmospheric Drag
Atmospheric drag modeling is based on a power-law density
function'® given by

p = polgo—s)*/(r —s)*

where r is the radial distance of the satellite from the center of
the Earth with gy and s being altitude parameters of the power-law
density function. The parameter gy is a constant equal to 120 km plus
one Earth radius, whereas s is determined based of epoch perigee
height above a spherical Earth. If perigee height is greater than or
equal 156 km, the value of s is fixed to be 78 km plus one Earth
radius. For altitudes greater than or equal to 98 km but less than
156 km, s is defined to be perigee height minus 78 km plus one
Earth radius. For altitudes below 98 km, s is 20 km plus one Earth
radius. In the following equations, the parameters gy and s should
be in units of Earth radii:

1

ag — 8§

6 = cosiy, & =

n = apeok

Bo=(1 _e(z))%’

3
Cy = (g0 — )*E*n(1 — *)"7 [ao<1 + 5172 + deon + eon3>

3 k¢ 1 3, N 4
z —— 4207 )8+ 240> +3
2(1—772)< 2+2 (8 +24n° +3n")

445 [
_ (go—9) &7 As onoag siniy

C, = B*Cy, C; e
2€0

2

2ky& 5 3, 1,
—— = 301 =30 14 =n* —2en — =
ao(l—nz)[( )( +2n €0l = 5 €on

1 1
Cy=2n0(qo — 5)*E*apB2(1 — n*) 7 { [2:7(1 +eon) + seo+ —173}

3
+ Z(l - 92)(2172 —eon — eon3) cos 2w01| }

11
Cs =2(qo — 5)*E*afi(1 — n*)"7 [1 + 10+ eo) + 607)3]

4
D, = 4ayC?, D; = gaogz(nao +9)C}

Dy = %a2$3(221a +31s)C?
4 = 3 0 0 §)Cy

where

Az = —Jsay, J; = —0.253881 x 107°

2. Initialization for Secular Effects of Earth Zonal Harmonics

The secular effects of gravitation are included through the equa-
tions

4 _ [3ha1436Y 3k2(13 — 7862 + 1376%)
= n
24263 1642 ] 0

) 3ka(1 —56%)  3k3(7 — 1146% + 3950%)
w=|-
2a§,33 16413,308

5k4(3 — 3662 + 490%)
no
4agﬁ§

[ 3ky0  3k2(40 —190%)  S5k0(3 — 792)]
= | — ny
asBy 2a; B3 2a; B3
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where

ky = —3Jyal, Jy = —1.65597 x 107°

3. Initialization for Secular and Long-Period Coefficients
of Lunar and Solar Gravity

For satellites with periods greater than or equal to 225 min, ad-
ditional terms are included to model the effect of lunar and solar
gravitation on the satellite. Such satellites are referred to as deep
space satellites. The equations for calculation of the orbital element
secular rates and long-period coefficients due to the moon and sun
gravitation are provided in Appendix A.A.

4. Initialization for Resonance Effects of Earth Gravity

For orbits with periods that result in repeating satellite position
in relation to the Earth’s figure, the effects of the nonzonal har-
monics can be significant. This resonance condition is treated in the
SGP4 model for orbits with 0.5-day (semisynchronous and highly
eccentric) and 1-day (geosynchronous) periods. The equations for
initialization of the resonance effects of Earth gravity are provided
in Appendix A.B.

B. Update
Predictions of satellite motion are performed using the constants
computed in the initialization.

1. Secular Update for Earth Zonal Gravity and Partial
Atmospheric Drag Effects

The angles M, w, and 2 are first updated to include the effects of
the Earth zonal harmonics and atmospheric drag effects,
Mpr = My + no(t — tg) + M(t — to), wpr = wy + (t — ty)
Qpr = Qo + Q1 — 1), 8w = B*C3(cos w)(t — ty)
8M = —3(go — $)*B*&* (ag /eon)[ (1 + n cos Mpr)?

— (1 + ncos My)*]
M = MDF+(SCU+6M,
Q= Qpr — (21/2)(noka6 /a3 3) C1(t — 10)?

wzpr—8w—8M

where (¢ — ty) is time since epoch in minutes. Note that when epoch
perigee height is less than 220 km or for deep space satellites, the
terms §w and § M are dropped.

2. Secular Updates for Effects of Lunar and Solar Gravity.

For satellites with periods greater than or equal to 225 min, the
secular effects of lunar and solar gravity are included as detailed in
Appendix A.C.

3. Secular Update for Resonance Effects of Earth Gravity

The resonance effects are applied to mean anomaly, mean motion,
and semimajor axis using a numerical integration scheme as detailed
in Appendix A.D.

4. Secular Update for Remaining Atmospheric Drag Effects
e =¢ey— B*C4(t — ty) — B*Cs(sin M — sin M)
2
a = (ke/n)3[1 = Ci(t —to) = Dyt — 1)
3 472

— Ds(t — 1)’ — Dyt — 15)"]
IL=M+w+Q +n0[%C1(t — l())2 —+ (D2 + 2C|2)(l — to)3

+1(3Ds + 12€, D, + 10C} ) (r — 10)*

+ 1(3D4 + 12C, D5 + 6D3 + 30C} D, + 15CY) (t — 1)’ ]

ﬂ:w/l—ez,

n= kg/a%

where (¢ — ty) is time since epoch in minutes. Note that when epoch
perigee height is less than 220 km or for deep space satellites, the
equations for a and /L are truncated after the linear and quadratic
terms, respectively, and the term involving Cs is dropped.

5. Update for Long-Period Periodic Effects of Lunar and Solar Gravity

The long-period effects due to the third-body perturbation depend
on the position of the sun or moon in its orbit. The mean anomaly
of the perturbing body at the prediction time is

MX =M0X +nxAt

where At is the time since the lunar/solar ephemeris epoch. The
remaining equations for computation of the long-period periodic
effects of lunar and solar gravity are provided in Appendix A.E.

The contributions of the sun and moon are combined for each
term computed earlier and are applied as follows:

e =e+des, i=i+dis
Fori > 0.2 rad,
Q=Q+6Qg/sini
w=w+ (bwrs + cosidQs) — Qs cosi/sini
M=M+8Ms
Fori <0.2 rad,
o = sini sin 4+ sini cos Q8 g + cosi sin Q8iLg
B = sini cos Q — sini sin Q5 s + cosi cos Qdirg
Q =tan"!(a/p), M =M +5M

w=w-+ (SwLS + COSiSQLs) — QSiniSiLs

6. Update for Long-Period Periodic Effects of Earth Gravity
Add the long-period periodic terms,

Ajzsini 3+ 5cosi
a.y = eCcosw, 1L, = —/—(ecosw)| —————
8k,aB? 1+ cosi

A3,0 sin i

Taﬂz, ILT:IL+[LL
2

ayNL =
ayy =esinw + ayyg

7. Update for Short-Period Periodic Effects of Earth Gravity
Solve Kepler’s equation for (E + w) by defining

U=IL;y —Q
and using the iteration equation
(E+®)it1=(E+w)+AE+ ),
with

—ayyn coS(E 4 0); + a,y sin(E 4+ w); — (E 4+ w);
1 —ayy sin(E + w); — aey cos(E + w);

U
A(E + ) =

(E+w,=U

The following equations are used to calculate preliminary quan-
tities needed for short-period periodics:

ecos E = ayy cos(E + w) + ayy sin(E + w)

esin E = a,y sin(E + o) — a,y cos(E + w)

=

e=(afN+a§N) , pr=a(l —é%), r=a(l —ecosE)
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VP

r

i=ke£esinE, rf =k
r

in E
cosu — E[COS(E+Q)) ot M]
;

14+4/1—¢2

a,y(esin E)
—ay = BNesnzE)
N VI—&

_, ( sinu ks 2.
u = tan , Ar = —— (1 — cos” i) cos2u

sinu = a4 |:sin(E + w)

r

cosu 2pL
k 3k, cosi
AM:——22(7c052i—1)sin2u, AQ=LSWSU12M
4PL 2PL
3k ] k
Ai = L(Z)Slsinicos2u, Ai:—ﬂ(l—coszi)sirﬂu
2PL PL
.k 3
Arf = on (1 —coszi)cos2u - =(1- 3cos2i)
PL 2

The short-period periodics are added to give the osculating
quantities,

ne=r[1=3k(VT=2/p})Geos’i = D] + Ar

Uy =u+ Au, Q =Q+ AQ, =1+ Ai

e =1+ ArF, rfi=rf+Arf
Then unit orientation vectors are calculated by

U = Msinu, + N cosuy, V =M cosu, — N sinuy

where
M, = —sin Q; cos iy N, = cos
M= 1 M, =coscosi; ¢, N={ N, =sin
M, = siniy N, =0
Then position and velocity are given by
r=nrU, F=rU+rflV

Appendix C: PPT3 Model

The Naval Space Command two-line element sets can be used
for prediction with PPT3. All equations to follow are adapted from
Schumacher and Glover.?* The element set consists of

to = epoch time

no = mean motion, revolutions/day

e = eccentricity

Iy = inclination, deg

W = argument of perigee, deg

Qo = right ascension of ascending node, deg
M, = mean anomaly, deg

decayl = #/2, revolutions/day?

decay2 = ii/6, revolutions/day’

where all orbital elements except mean motion are the mean double-
prime quantities defined by Brouwer® and where the subscript 0 will
indicate the value of a quantity at epoch. The mean motion on the
two-line element set follows the convention of Kozai,” although
PPT3 uses its own convention for mean motion, which is slightly
different from Kozai’s, as explained in the main text and as will
be shown explicitly. (This mathematical incompatibility has long
been noted in space surveillance operations and is periodically re-
discovered by newcomers. Because the two types of mean motion
are numerically close together, the potential incompatibility is easily
overcome by special processing at Naval Space Command before
two-line elements are transmitted. However, the processing details

are beyond the scope of this paper.) The two drag parameters, decay 1
and decay?2, are empirically determined during the orbit correction
process.

The PPT3 orbit theory as implemented at Naval Space Command
uses a specific value of the gravitational constant that defines the
canonical units of the system:

k., = ~/GM =0.0743669161, (Earth radii)'/min
G = universal gravitational constant
M = mass of the Earth

The PPT3 model is set in the FK4 and WGS72 reference standards,
referred to the J2000.0 epoch.

We define the variables that will be used throughout the mathe-
matical development. These definitions also provide the values used
in PPT3 for the zonal coefficients. The notation closely follows that
used by Brouwer>°:

V2= kz/a//z, V3= A&o/aﬁ, V4= k4/a”4, Vs = As,o/a//5
v=r/t. rn=n/t v=wts vi=ys/n
where

ky = 1 LR = 0.54130789 x 107°

—2
Aso = —J3R} = 0.25388100 x 1077
ky = =3 J4R3 = 0.62098875 x 107°

Asg = —JsR}, = 0.21848266 x 10~°

n= \/l—e”z,

@ =cosl”

A. Initialization

Many terms used in the prediction of PPT3 are independent of
time. Thus, the algorithm begins with computation of numerous
constant terms. The first step in the initialization is the recovery
of the Brouwer semimajor axis from the Kozai-type PPT3 mean
motion. Form the initial semimajor axis from the Kozai-type PPT3
mean motion

The semimajor axis is transformed by iterating the following se-
quence five times. The second and fourth Brouwer gamma prime
variables are formed from the current semimajor axis value. Then
the semimajor axis is recomputed, using the zonal secular variation
of the mean anomaly M defined directly as follows.

Fori=1,5

Vz/zkz/a,-z,1774, V£=k4/a?,1ﬂ8

a = [ —|—(SSM)/ng]%

After the fifth iteration, the result is defined as the Brouwer semi-
major axis a;. From this point on, the semimajor axis a; follows
the Brouwer convention. Also, all quantities on the right-hand side
of equations are understood to be double-prime mean elements.

1. Initialization for Secular Effects of Earth Zonal Harmonics
The secular effects of gravitation are included through the
equations

M = (3/2yim(=1+36%) + (3/32)y52n[—15 + 165 + 2577
+ (30 — 961 — 901*)6” + (105 + 1447 + 25176

+ (15/16)y,ne"*(3 — 300% + 356*)
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S0 = (3/2)y3(—1 +560%) + (3/32)y,°[—35 + 24n + 25¢°
+ (90 — 1925 — 1261*)6% + (385 + 3600 + 45n7)6*]
+(5/16)y,[21 — 9n* + (=270 + 1261>)6*

+ (385 — 1895%)0%]
8,2 = —=3y;0 + (3/8) ¥, [(=5 + 12 + 9?8

+(=35 =365 — 57101 + (5/4)y,(5 — 3n*)(3 — 7168

2. Initialization for Secular and Long-Period Coefficients
of Lunar and Solar Gravity

Additional terms are included to model the effect of lunar and
solar gravitation on the satellite. The equations for calculation of
the orbital element secular rates and long-period coefficients due to
the moon and sun gravitation are provided in Appendix A.A.

3. Initialization for Resonance Effects of Earth Gravity

For orbits with periods that result in repeating satellite position
in relation to the Earth’s figure, the effects of the nonzonal har-
monics can be significant. This resonance condition is treated in the
PPT3 model for orbits with 0.5-day (semisynchronous and highly
eccentric) and 1-day (geosynchronous) periods. The equations for
initialization of the resonance effects of Earth gravity are provided
in Appendix A.B.

B. Orbit Propagation

Predictions of satellite motion are performed using the constants
computed in the initialization. The secular effects are applied first.
These effects are produced by the zonal gravity field, the third-
body perturbations, and resonance and drag when these two forces
are applied. Next, the long-period periodics arising from the zonal
gravity field and the third-body forces are added. Finally, the zonal
short-period periodics are applied to produce an osculating element
set. Position and velocity vectors are then calculated.

1. Secular Update

A unique feature of PPT3 is that the secular rates for w and Q2
combine both the zonal and third-body effects and are posed in
terms of the change in mean anomaly since epoch rather than the
change in time. The changes in mean anomaly produced by all of

the perturbations are carefully accounted for in the PPT3 secular
update processing so that w and 2 can be correctly propagated.

The angles w, 2, and / that are first updated to the time of interest
t include the effects of the Earth zonal harmonics and the third-body
perturbations. The Brouwer zonal secular update was shown earlier
in the initialization section, and the secular effects of lunar and solar
gravity are detailed in Appendix A.A. Here,

At = (t — 1), AM7 = ngAt

where the Kozai-type PPT3 mean motion implicitly includes the
zonal secular rate §;M:

Q' = QU+ (8,2 + SrasQDAM;
" = o) + (5,0 + Srpsw) AMy, I" = I + (8tes]) At

where §; is the zonal secular and étgg is the combined third-body
secular for each element.

If the satellite is a nonresonant case, the mean motion is updated
for the zonal secular effects:

M" = M{ + AM,

If the satellite is resonant, the mean motion is directly integrated (to
be described).

2. Secular Update for Resonance
The resonance effects are applied to mean anomaly and semi-
major axis using a numerical integration scheme as detailed in Ap-
pendix A.D. The integrations produce an updated value for the mean
anomaly M” (which is used directly) and an updated mean motion
n”. The change in mean anomaly and the mean motion due to reso-
nance are formed, and the change in mean motion is used to update
the semimajor axis,
AMr=M"— M],

" "
Ang =n" —n,

a" =ag — %(a(’)/AnR/n{)’)
3. Secular Update for Atmospheric Drag Effects

AMp = (1/2)(t — 1) + (i1 /6)(t — o)’

AMror = AMz + AMg + AM)p
ap = =3 (agn /n)

a’"=a" +apAt

M = M//-I-AMD,

e =ej+ {[élDeg(l - e”é)/a(’;] + STBSe}At

The values at the time of interest for 2 and w are recomputed using
the total change in the mean anomaly produced by all of the secular
effects.

Q" = Qp + (8,2 + 5tps2)AMror
o" = wy + (8,0 + Stpsw) AMror

Kepler’s equation is solved by iteration (Aitken’s delta-squared
method) at this point to obtain the true anomaly. The secularly up-
dated mean anomaly and eccentricity are used. The initial value for
the eccentric anomaly is set to the mean anomaly

Ea — M//
The iteration is performed in a 20-step iteration,

E, =E,, E,=M"+esinE,

If |E, — E;| < 1078, compute true anomaly. Also
E,=E,, E,=M"+esinE,
If |E, — E,| < 1073, compute true anomaly, where

(Ea - E2)2
E,=FE, +——_ =2
RE, —E, - E,)

If the tolerance criteria are met or 20 iteration steps have been per-
formed, the sine and cosine of the true anomaly are formed,

nsin E, cos E, —e"

sin f = cos f =

1—e"cosE,’ 1 —e¢"cosE,

4. Update for Long-Period Periodic Effects of Lunar and Solar Gravity
The long-period effects due to the third-body perturbation depend

on the position of the sun or moon in its orbit:

Afis =1 —fis
where 1.5 is the epoch of third-body representation and
Mys = Mys, + MyisAts + MLSAIES + MLSAtEs

The remaining equations for computation of the long-period peri-
odic effects of lunar and solar gravity are provided in Appendix
A.E. The contributions of the sun and moon are combined for each
term computed earlier and applied at the same time as the other
periodics. The coefficients in this polynomial for third-body mean
anomaly are given in Ref. 24, page 98 for the sun and page 107 for
the moon.
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5. Update for Long-Period Periodic Effects of Earth Gravity
The Brouwer long-period corrections are given by

n.2 l/
e =¢e"n 3" 1

804

><|:1—992—

><|:1—592—

e'8e

&1 =—
! n2tanl”

3 1 ’ 2
SM =n'( gyl 1-116% -

(S|(1):

16

400¢"296
(1 —562)2

8(2 + 5¢"%)p*

— 116> —

406*
1 — 562

2404

406*
1 —502

5y,
24y,

80e"20°

1 —562

+

15 ! 1"
- T)’Se”ez sin 1"(4 + 3¢ [3 + 1

x cosw” +

><|:1—592—

N 806
(1 —562)2

52 =

35y;
576y,

%0 (— e |: 1
8

804 o nisinl” [ N
———— | )sin2e0” —
1 —562 4y e” V3

1| ,fsinl” €"6? 594
41! V3 o« " + =
Vs e sin / 16

. ’ 246"
X (4+3e?) +¢"sin1"(26 + 9e 2)] [1 —90° — 5 592}

5y,

57,
12y,

1 , ,
——y2/|:(2+ e — 112+ 3¢ %)6* —

_ = 502)2:| } sin 20"

IS

1602

54
1

- 1-36°
12y2’|:
2 o3 "
,  nosinl
_1_—w:|)c032w/+ v (y3’+

35
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1—502 | )" T 384y,
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[1 — 362

5]/5/ 72
5449
16( +9¢"7)

402 + 5¢"%)9*

1 —562

[(2 +e?) =32+ 3692
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e’ sin 1"

sin 1"
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} cos 3w”
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5y,
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8062 2006*
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1—502 " (1 —562)2
1662 N 406*
1—-562 " (1—562)2

5

— 562 + (1 —5062)?

1/, . o €367
—=[e'sinl"(3+2e °) — —
2 sin 1”

3262
1 — 502

]

i| > sin 20"

"0 ; 5y, "
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’

240*
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6. Update for Short-Period Periodic Effects of Earth Gravity

To simplify the following formulas, let W21 and W22 be defined
as follows:

+ sinl”|:5 +

W21 = 3sinQRe’ +2f') + 3e” sinQw’ + ') + €” sinQaw’ + 3 f")
W22 = @"/r*yf + @"/r')
Then the Brouwer short-period corrections are
8ra = a"y{(=1 4 307)[(@"”/r") — (1/n)]
+3(1 =02 (a"” /r") cosQw’ + 2.f)}
8re = n*y2/2¢" (=1 + 367" /r” — 1/n*)]
+3(1 = 6@ /r) — (/"] cos e’ + 2 7))
— (*y3/2¢") (1 — 693" cosQw’ + ') + ¢ cosQw’ + 3 f1)]
81 = (y,/2)0sin I"[3cosRw’ + 2 1) + 3e” cos Q' + f7)
+ " cosRw’ +3f)]
8:M = —n’y;/4e"{2(—1 4 36*) (W22 + 1)sin [’
+3(1 = 07)[(1 — W22)sin2e’ + f)
+(W22+ 1) sinQe’ + 3]}
S0 = —(82M /) + (v3/D[6(—1 4 50°)(f' — M + " sin ')
+ (3 —50H)W2I]

5,92 = —(y,/2)0[6(f — M' + €"sin ') — W21]
Add all periodics at one time using the Lyddane modification,'*

ecosM = (¢ 4+ 8e)cos M” — (¢"SM) sin M”

esinM = (¢’ + 8e)sinM” + (¢"8§M) cos M”

sin(1/2) cos Q = [sin(1"/2) + (81/2) cos(I”/2)] cos Q"
— [sin(I"/2)62] sin "

sin(1/2) sin Q = [sin(1"/2) + (81 /2) cos(1”/2)] sin Q"
+ [sin(1"/2)82] cos "

Z:(M/,+0),/+Q,,)+((SZ)

where 8§z =8M + dw + 5X2. Get the osculating classical elements
from the osculating Lyddane variables,

e= \/(ecos M)?2 + (esin M)?

M = tan-"! esin M
- ecos M
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L1 1 RS
cos/=1—2sin“==1—2| [ sin=cos2 ) + [ sin = sin 2
2 2 2

O — tan-! sin(//2) sin
=R Snd 2 cos

w=z—M-—Q

Kepler’s equation is solved again using the method described earlier
with the osculated mean motion and eccentricity. The position and
velocity are computed by standard formula. First, the orientation
unit vectors are formed:
cos Qcos(f + w) — sin 2sin(f + w) cos I
U = | sinQcos(f + w) + cos Lsin(f + w) cos [
sin(f + w) sin [

—cos 2sin(f + w) — sin Q2 cos(f + w) cos [

V= | —sinQsin(f + w) + cos QL cos(f + w) cos [
cos(f + w)sin/
sin 2 sin /
W= | —cosQsin/
cos/

Then the position and velocity are

e a(l —é?) i_ﬁ(esinf)U+ﬁ(l+ecosf)v
1+4ecos f \/m \/m
where u =GM.
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